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Abstract
In engineering and social research, linear systems are commonly used to address
real-life problems of various dimensions. Therefore, many studies start by developing
linear systems and then finding their solutions. Recent studies have demonstrated the
effectiveness of Pythagorean fuzzy sets in capturing and representing complex forms
of uncertainty, particularly when understanding the distinctions between membership
and non-membership is crucial. This paper pioneers the finding a solution for a general
(square or nonsquare) Fully Pythagorean Fuzzy Linear Equations System (FPFLES)
with arbitrary triangular Pythagorean fuzzy numbers and fills a critical gap in the
existing literature. Since an FPFLES consists of the sum of the multiplications of
each arbitrary parameter and variable, and the fuzzy multiplication operation includes
the min and max operators, a nonlinearity situation is observed in each equation. To
overcome this situation, a transformation from fuzzy multiplication to inequalities is
applied, and thus, a mixed integer programming (MIP) problem is formed. Depending
on whether the MIP problems created by changing the constraints have an optimal
solution, FPFLES has an exact solution or an approximate solution. The types of
solutions are examined using a distance measure definition available in the literature.
This paper also defines restricted and relaxed approximate solutions for FPFLES by
determining whether the left-hand sides obtained from the substitution of solutions
are completely covered by the right-hand sides of the equations. The approach is
illustrated with some numerical examples, and the numerical results are analyzed
within the distance measure to determine the closeness between the left-hand and
right-hand sides of the system.
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1 Introduction

Given the widespread usage of linear assumptions in science and engineering, many
studies begin with the creation of linear models. The majority of advanced issues also
necessitate the use of linear systems, often with large dimensions. Basic sciences such
asmathematics and physics; social science; and engineering require LES. The formula
for a typical LES is AX = b, where A is a matrix of parameters, b is a constant vector
and X is a variable vector.

In many applications, however, the parameters of an LES cannot be precisely
defined. This is primarily due to a lack of information, changing conditions, and
real-life problems involving uncertain situations. Moreover, errors made during the
data collection process can result in the loss of valuable information. Therefore, using
fuzzy numbers in LES helps to model real-life problems more realistically. To deal
with uncertain information, Zadeh [52] first introduced the concept of fuzzy sets, after
which the use of fuzzy sets and fuzzy numbers increased rapidly in several areas such
as medicine [16, 47], engineering [38, 43], and social sciences [11, 40].

Allahviranloo and Mikaeilvand [9] discussed methods for finding positive fuzzy
number solutions to FFLES to handle uncertainties in real-world problems. Then,
they [10] presented methods for finding non-zero fuzzy number solutions to FFLES.
Nayak and Chakraverty [37] proposed a new arithmetic approach and algorithms to
solve FFLES. Liu [32] presented a new approximate method for solving FFLES and
observed that the numerical results they found were more accurate than the iterative
Jacobi and Gauss-Seidel methods. Kumar and Bansal [29] proposed a method to solve
FFLES with arbitrary coefficients and an arbitrary solution vector, i.e. there is no
restriction on the elements of the system. The approach integrates the concepts of linear
programming to solve FFLES with arbitrary coefficients. Ezzati et al. [20] proposed a
method to solve square FFLES by converting them to crisp linear systems and claimed
that their proposed method always finds a solution to the system. Moloudzadeh et al.
[35] proposed amethodworking only for triangular fuzzy numbers to solve an arbitrary
square FFLES using 0-cut and 1-cut, and established the necessary and sufficient
conditions for the uniqueness of a fuzzy solution. Ahlatcioglu et al. [4] and Kocken et
al. [27] constructed aMIPproblem tofind the feasible fuzzy solution of a squareFFLES
with triangular fuzzy numbers. Their novelty was removing all the sign restrictions
on the parameters and variables. Mikaeilvand et al. [34] applied a technique based on
the embedding method to solve the square fuzzy LES, and obtained the strong fuzzy
number solutions.

Atanassov [12] extended the concept of fuzzy sets and defined intuitionistic fuzzy
sets. An application of intuitionistic fuzzy sets can be presented as intuitionistic fuzzy
LES, and [13, 14, 39, 44, 46] are some studies including methods developed to solve
these systems. To manage the complex impreciseness and uncertainty, Yager [50]
defined the PFS as an extension of intuitionistic fuzzy sets. The main characteristic of
the Pythagorean fuzzy concept is the condition that the square sum of its membership
degree and non-membership degree is not greater than 1. In recent studies, it is claimed
that the PFS has certain advantages in specific contexts. One of these aspects is that
the PFSs are more flexible in defining membership degrees, i.e. having membership
and non-membership functions. Another advantage is the successful application of
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the PFSs, particularly in decision-making problems where a detailed representation
of information produces superior results. Also, PFSs allow for the representation of
the hesitancy degree (which reflects uncertainty) as a square root formulation, which
offers a finer granularity than the hesitance degree in intuitionistic fuzzy numbers.
Given these aspects, using a PFS is more convenient than using intuitionistic fuzzy
sets. After the definition of the PFSs, Zhang and Xu [53] presented a PFN, and then the
basic operational rules of PFNs and Pythagorean fuzzy aggregation operators. Luqman
et al. [33] defined triangular PFN and used them in the digraph and matrix approach.
After the definitions and propositions, PFNs began to be used in decision-making [21,
22, 42, 48, 49] and optimization problems [5–7, 24, 30]. To our knowledge, no prior
research has tackled solving an FPFLES, making this study the first of its kind.

In this paper, an FPFLES is considered, and the types of the Pythagorean fuzzy
solution are studied. The main contribution of this paper is as follows:

• The concept of an FFLES is extended in the Pythagorean fuzzy environment based
on triangular PFNs.

• The FPFLES is constructed with arbitrary (non-negative, mixed, or negative) tri-
angular PFNs and variables in triangular Pythagorean fuzzy form.

• The FPFLES can be in a square or non-square structure.
• Identifying the minimum and maximum elements of a finite set through an MIP
problem is implemented as the basic idea.

• To overcome the non-linearity situation caused by the multiplication of two arbi-
trary triangular PFNs, a transformation from the fuzzy multiplication to the set of
crisp inequalities is used considering the study [27].

• Using the concept of fuzzy equality, the paper demonstrates that the FPFLES and
the MIP problem, including the inequalities obtained from fuzzy multiplication,
are equivalent, and thus they have identical solutions.

• The initial aim is to yield an exact solution for an FPFLES. If the system fails to
find an exact solution, it focuses on finding a restricted or relaxed approximate
solution by adjusting the MIP problem’s constraints.

• A distance measure is stated for the Pythagorean fuzzy numbers, and considering
the distance function proposed by Ebadi et al. [19], the closeness between the
left-hand and right-hand sides of the FPFLES is calculated.

• The adapted approach is applied to solve some practical problems.

The paper is arranged as follows: Sect. 2 presents some necessary preliminaries.
Section3 presents the methodology in four parts: First, how to identify the minimum
and maximum elements of a finite set using an MIP problem is presented. Next, the
representation of a fuzzymultiplication as a set of inequalities, and the conversion from
an FPFLES to an MIP problem are demonstrated. Finally, the step-by-step approach
to solving an FPFLES is shown. Some numerical examples are discussed in Sect. 4,
and the conclusion is given in Sect. 5. The list of abbreviations used in this study is
presented in Table 1.
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Table 1 List of abbreviations

Abbreviation Description

FFLES Fully Fuzzy Linear Equations System

FPFLES Fully Pythagorean Fuzzy Linear Equations System

LES Linear Equations System

MIP Mixed Integer Programming

PFN Pythagorean Fuzzy Number

PFS Pythagorean Fuzzy Set

2 Preliminaries

This section reviews some necessary concepts to develop an FPFLES. First, a trian-
gular PFN is defined, arithmetic operations on these numbers and definition of fuzzy
equality are presented, and then an FPFLES is determined. Finally, the distance mea-
sure between triangular PFNs is defined, and the solution types are explained through
the system using this distance measure.

Definition 1 [51] Let X be a fixed set. A PFS A in X is defined such as

A = {(x, μA(x), νA(x)) : x ∈ X}

where μA(·) is the membership function and νA(·) is the non-membership function
expressed as μA, νA : X → [0, 1], ∀x ∈ X . There is a relaxation in the relation
0 ≤ μA(x) + νA(x) ≤ 1, and also, another relation is defined between the functions
such that 0 ≤ μ2

A(x) + ν2A(x) ≤ 1 ∀x ∈ X . A Pythagorean fuzzy degree of hesitancy

of x in A is expressed as πA(x) =
√
1 − μ2

A(x) − ν2A(x),∀x ∈ X . Therefore, β =
(μβ, νβ) is defined as a PFN by [53] where μβ, νβ ∈ [0, 1], μ2

β + ν2β ≤ 1 and

πβ =
√
1 − μ2

β − ν2β .

Definition 2 [33] A triangular PFN A = {(a, b, c); t, f }, which is a PFS defined on
R, is expressed as

μA(x) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(x − a)t

b − a
, a ≤ x < b

t, x = b
(c − x)t

c − b
, b < x ≤ c

0, x < a or x > c
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νA(x) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(b − x) + (x − a) f

b − a
, a ≤ x < b

f , x = b
(x − b) + (c − x) f

c − b
, b < x ≤ c

1, x < a or x > c

where the values t and f correspond to the maximum degree of μA and the minimum
degree of νA, respectively. These values are t, f ∈ [0, 1] and 0 ≤ t2 + f 2 ≤ 1.

When the values are taken as t = 1 and f = 0, a triangular PFN takes a form
A = {(a, b, c); (a′, b, c′)} where membership function is

μA(x) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x − a

b − a
, a ≤ x < b

1, x = b
c − x

c − b
, b < x ≤ c

0, x < a or x > c

and non-membership function is

νA(x) =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(b − x)

b − a′ , a′ ≤ x < b

0, x = b
(x − b)

c′ − b
, b < x ≤ c′

1, x < a′ or x > c′

where a′ ≤ a ≤ b ≤ c ≤ c′.

Definition 3 [36] Let A = {(a, b, c); (a′, b′, c′)} and B = {(p, q, r); (p′, q, r ′)} be
two triangular PFNs and α ∈ R. Some basic arithmetic operations can be defined as

A ⊕ B = {(a + p, b + q, c + r); (a′ + p′, b + q, c′ + r ′)}
−A = {(−c,−b,−a); (−c′,−b,−a′)}

A � B = {(a − r , b − q, c − p); (a′ − r ′, b − q, c′ − p′)}
αA =

{ {(αa, αb, αc); (αa′, αb, αc′)}, α ≥ 0
{(αc, αb, αa); (αc′, αb, αa′)}, α < 0.

Definition 4 [7] Let A = {(a, b, c); (a′, b′, c′)} be a triangular PFN. If a′ ≥ 0, then
A is non-negative; if a′ ∈ R, then A is unrestricted (mixed).

Definition 5 Let A = {(a, b, c); (a′, b′, c′)} and B = {(p, q, r); (p′, q, r ′)} be two
arbitrary triangular PFNs, then

μA⊗B =
⎧
⎨
⎩

(min{ap, cp}, bq,max{ar , cr}), a ≥ 0,
(min{ar , cp}, bq,max{ap, cr}), a < 0 and c ≥ 0,
(min{ar , cr}, bq,max{ap, cp}), c < 0
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and

νA⊗B =
⎧
⎨
⎩

(min{a′ p′, c′ p′}, bq,max{a′r ′, c′r ′}), a′ ≥ 0,
(min{a′r ′, c′ p′}, bq,max{a′ p′, c′r ′}), a′ < 0 and c′ ≥ 0,
(min{a′r ′, c′r ′}, bq,max{a′ p′, c′ p′}), c′ < 0.

Definition 6 Let A = {(a, b, c); (a′, b, c′)} and B = {(p, q, r); (p′, q, r ′)} be two
arbitrary triangular PFNs. They are said to be equal iff a = p, b = q, c = r , a′ = p′,
and c′ = r ′.

Definition 7 A FPFLES with triangular PFNs has the following form

A11x1 + A12x2 + · · · + A1nxn = B1
A21x1 + A22x2 + · · · + A2nxn = B2

...

Am1x1 + Am2x2 + · · · + Amnxn = Bm

where Ai j = {(ai j , bi j , ci j ); (a′
i j , bi j , c

′
i j )} and Bi = {(bi , gi , hi ); (b′

i , gi , h
′
i )}

(i = 1, 2, . . . ,m, j = 1, 2, . . . , n) are arbitrary triangular PFNs, and x j =
{(x j , y j , z j ); (x ′

j , y j , z
′
j )} are Pythagorean fuzzy variables in triangular form. The

FPFLES can be written as AX = B in matrix form.

It is seen that the left-hand side of each equation of AX = B contains the multipli-
cation of PFNs and Pythagorean fuzzy variables. Thus, it is indivisible and therefore,
insolvable. Moreover, since the components of the system Ai j x j are arbitrary, the
solution process becomes more complicated.

Definition 8 Let A = {(a, b, c); (a′, b, c′)} and B = {(p, q, r); (p′, q, r ′)} be two
arbitrary triangular PFNs. The distance measure D between these triangular PFNs can
be defined as the sum of the distances of membership values and non-membership
values such that

D(A, B) = d ((a, b, c), (p, q, r)) + d
(
(a′, b, c′), (p′, q, r ′)

)

where d is a distance measure for fuzzy numbers.

Theorem 1 The distance measure D for arbitrary triangular PFNs A, B and C satisfy
the following conditions:

(i) D(A, B) ≥ 0,
(ii) D(A, B) = D(B, A),
(iii) D(A, B) = 0 iff A = B,
(iv) D(A,C) ≤ D(A, B) + D(B,C).

Proof For fuzzy numbers, the distance measure d provides the positivity, sym-
metry, equality, and triangular inequality properties. Furthermore, a PFN A =
{(a, b, c); (a′, b, c′)} is defined as having the maximum degree of membership degree
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of μA(x), i.e. t = 1, and the minimum degree of membership degree of νA(x), i.e.
f = 0. The complement of A, Ac, has the values t = 0 and f = 1, which shows
that the non-membership part of A can be determined as a triangular fuzzy number
maintaining the order a′ ≤ a ≤ b ≤ c ≤ c′.

(i) d ((a, b, c), (p, q, r)) ≥ 0 and d
(
(a′, b, c′), (p′, q, r ′)

) ≥ 0 imply D(A, B) ≥
0.

(ii) Sinced ((a, b, c), (p, q, r)) = d ((p, q, r), (a, b, c)) andd
(
(a′, b, c′), (p′, q, r ′)

)
= d

(
(p′, q, r ′), (a′, b, c′)

)
, D satisfies (ii).

(iii) (→) If D(A, B) = 0, d ((a, b, c), (p, q, r)) = 0 and d
(
(a′, b, c′), (p′, q, r ′)

) =
0 considering (i). This implies the equality of A and B. If A = B,
then Definition 6 is satisfied. (←) Because, d ((a, b, c), (p, q, r)) = 0 and
d

(
(a′, b, c′), (p′, q, r ′)

) = 0, D(A, B) = 0 is straightforward.
(iv) Since d satisfies the triangle inequality, the proof is obvious.

�


The closeness between AX and B is determined via the distance measure D for
each equation individually, that is

D (AX ,B) =
m∑
i=1

D

⎛
⎝

n∑
j=1

Ai j x j , Bi

⎞
⎠ (1)

The closeness determines whether the solution of the FPFLES is exact or approximate.
In this paper, the types of solution are demonstrated considering the distance function
given the studyofEbadi et al. [19]. Toguarantee that the solution satisfies eachFPFLES
equation, the distance measure between the left-hand and right-hand sides is measured
and then the sum of these distances is examined. To evaluate the resemblance between
two fuzzy numbers, different distance measures can be used from the literature, such
as [3, 8, 23, 31]. The choice of distance measure function does not affect the solution
found by the proposed approach.

3 Methodology

The solution approach is a modified version of the study [27], and is based on identify-
ing the minimum and maximum elements of a finite set through an MIP problem and
transforming the multiplication of two arbitrary triangular PFNs into anMIP problem.
This study combines these ideas with the fuzzy equality concept to solve an FPFLES.
The primary purpose of the adapted approach is to determine the types of solutions to
the FPFLES.

This section first presents how to identify theminimum andmaximum elements of a
finite set using anMIP problem, then explains how to transform a fuzzy multiplication
into a set of inequalities, clarifies the transformation from an FPFLES to an MIP
problem, and finally determines the type of a solution to the FPFLES.
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3.1 Identifying theminimum andmaximum elements of a finite set through aMIP
problem

To present the fundamental basis of the approach, first, how to find the maximum and
minimum elements of a finite set is demonstrated. Then, how to formulate an MIP
problem to identify these maximum and minimum elements is shown.

Definition 9 [27] Consider a nonempty finite set F subset of the real numbers. The
minimum element of F is found when m1 ∈ F , and m1 ≤ x for all x ∈ F . Similarly,
the maximum element of F is found if m2 ∈ F , and x ≤ m2 for all x ∈ F .

Theorem 2 Let F = { f1, f2, ..., fm} be a nonempty finite subset of the set of real
numbers. The set F has both a minimum and a maximum element. For proof, please
check [18].

To find the minimum and maximum values, introducing binary variables helps
model the conditions for selecting one of these values as the minimum or maximum.
Therefore, the following proposition is given.

Proposition 1 Let F = { f1, f2, ..., fm} be a nonempty finite subset of the set of real
numbers, K = {k1, k2, ..., km} be a set of binary variables where ki = {0, 1} for all
i = 1, 2, ...,m, and λ be a continuous variable representing the minimum element of
the set. Each binary variable ki indicates if fi is the minimum. The following MIP
problem

Min 0.λ (2a)

s.t.

λ ≤ fi ∀i, (2b)

fi − λ ≤ M(1 − ki ) ∀i, (2c)
m∑
i=1

ki = 1 (2d)

yields finding the minimum element of the set F. Similarly, let β be a continuous
variable representing the maximum element of the set F. The following MIP problem

Min 0.β (3a)

s.t.

β ≥ fi ∀i, (3b)

β − fi ≤ M(1 − ki ) ∀i, (3c)
m∑
i=1

ki = 1, (3d)

helps to determine the maximum element of the set F.
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The proof of Proposition 1 can be checked from [27].
Here (2b) is the minimum condition, and (2c) is the selection constraint that forces

λ to equal one of the fi values using a large constant M . This constraint ensures that if
ki = 1, then λ = fi . The last constraint (2d), guarantees that just one fi is selected as
the minimum. Since the aim is finding the minimum element, the objective function
(2a) is set as a dummy objective to ensure the optimization solver runs properly.
From the other side, (3b) is the maximum condition, (3c) is the selection constraint
including a large constant M , and (3d) is the uniqueness of the maximum value.
Because the maximum element is searched, the objective function (3a) is set as a
dummy objective. Therefore, it can be said that the MIP problems (2) and (3) always
have optimal solutions.

3.2 Transformation of a fuzzymultiplication to a set of inequalities

After establishing theminimumandmaximumelements of a finite set via anMIP prob-
lem, its application in the multiplication of two arbitrary triangular PFN is presented.
Themultiplication of Ai j x j is determined, where Ai j = {(ai j , bi j , ci j ); (a′

i j , bi j , c
′
i j )}

is a triangular PFN, and x j = {(x j , y j , z j ); (x ′
j , y j , z

′
j )} is a Pythagorean fuzzy vari-

able. The multiplication of two arbitrary triangular PFN can be defined using the
extension principle given in Definition 5 such that

Ai j x j = {(λi j , αi j , βi j ); (λ′
i j , αi j , β

′
i j )} (4)

where
λi j = min{ai j x j , ci j x j }
αi j = bi j y j
βi j = max{ai j z j , ci j z j }
λ′
i j = min{a′

i j x
′
j , c

′
i j x

′
j }

β ′
i j = max{a′

i j z
′
j , c

′
i j z

′
j }.

(5)

Here, the values of λi j and λ′
i j are identified according to the sign of the components

Ai j : Ai j can be positive, unrestricted, or negative depending on whether it belongs to
one of the following sets

S pos = {
(i, j) : ai j ≥ 0

}
Smix = {

(i, j) : ai j ≤ 0 and ci j ≥ 0
}

Sneg = {
(i, j) : ci j < 0

} (6)

where (i, j) indicates the position of Ai j in the FPFLES. Thus, the multiplication of
Ai j x j can be determined considering (6) as follows

Ai j x j = {(min
{
ai j x j , ci j x j

}
, bi j y j ,max

{
ai j z j , ci j z j

}) ;
(min

{
a′
i j x

′
j , c

′
i j x

′
j

}
, bi j y j ,max

{
a′
i j z

′
j , ci j z

′
j

}
)} ∀(i, j) ∈ S pos,

(7)
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Ai j x j = {(min
{
ai j z j , ci j x j

}
, bi j y j ,max

{
ai j x j , ci j z j

}) ;
(min

{
a′
i j z

′
j , c

′
i j x

′
j

}
, bi j y j ,max

{
a′
i j x

′
j , c

′
i j z

′
j

}
)} ∀(i, j) ∈ Smix ,

(8)

Ai j x j = {(min
{
ai j z j , ci j z j

}
, bi j y j ,max

{
ai j x j , ci j x j

}) ;
(min

{
a′
i j z

′
j , c

′
i j z

′
j

}
, bi j y j ,max

{
a′
i j x

′
j , c

′
i j x

′
j

}
)} ∀(i, j) ∈ Sneg.

(9)

A non-linearity situation occurs since the components on the right-hand side of the
FPFLES in Definition 7 are not constant. To eliminate this non-linearity, Proposition 1
is applied to select the minimum and maximum component in each (7), (8), and (9).
To show this implementation, the multiplication defined in (7) is considered. For an
(i, j) ∈ S pos , the left component λi j = min

{
ai j x j , ci j x j

}
of (7) can be transformed

into the following set of inequalities

λi j ≤ ai j x j
λi j ≤ ci j x j

ai j x j − λi j ≤ Mki j L

ci j x j − λi j ≤ M
(
1 − ki j L

)
(10)

where M is a large constant, and ki j L is a binary variable. The utilization of a binary
variable ki j L facilitates the identification of the minimum value between ai j x j and
ci j x j by formulating inequalities that result in a feasible solution depending on the
value of the binary variable.When the binary variable is 0, it indicates that theminimum
value should be ai j x j ; otherwise, the minimum value should be ci j x j . The essence
of this approach involves employing an exceedingly large value M to convert the
inequalities derived from ai j x j and ci j x j . The inequalities are constructed in such a
way that when ki j L = 0, only ki j L = ai j x j fulfills the inequalities; otherwise, ki j L =
ci j x j . This approach enables us the selection of the minimum value between two
elements depending on the value of a binary variablewithout employing a conventional
minimum operator. Additionally, it guarantees that ki j L will assume the value of the
minimum between ai j x j and ci j x j .

The right component in the membership part of (7), i.e. βi j = max
{
ai j z j , ci j z j

}
,

can be written as

βi j ≥ ai j z j
βi j ≥ ci j z j

βi j − ai j z j ≤ Mki j R

βi j − ci j z j ≤ M
(
1 − ki j R

)
(11)
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where M >> 0 and ki j R ∈ {0, 1}. As it is seen that the max operator in βi j variable
contains two elements, i.e. ai j z j and ci j z j . This operator generates one of these two
elements. Thus, this situation turns into a problem of choosing one of these elements.
This is achieved through binary variables so that a MIP problem is constructed.

Similarly, for an (i, j) ∈ S pos , the left component λ′
i j = min

{
a′
i j x

′
j , c

′
i j x

′
j

}
of (7)

can be rewritten as

λ′
i j ≤ a′

i j x
′
j

λ′
i j ≤ c′

i j x
′
j

a′
i j x

′
j − λ′

i j ≤ Mk′
i j L

c′
i j x

′
j − λ′

i j ≤ M
(
1 − k′

i j L

)
(12)

and the right component β ′
i j = max

{
a′
i j z

′
j , c

′
i j z

′
j

}
can be rewritten as

β ′
i j ≥ a′

i j z
′
j

β ′
i j ≥ c′

i j z
′
j

β ′
i j − a′

i j z
′
j ≤ Mk′

i j R

β ′
i j − c′

i j z
′
j ≤ M

(
1 − k′

i j R

)
(13)

where M is a large constant, and k′
i j L , k′

i j R ∈ {0, 1} are binary variables.
It is seen that the min operator in λi j variable, which is in the membership part,

contains two arguments such that ai j x j or ci j x j . This operator generates one of these
two arguments. Therefore, choosing one of these arguments becomes a problem for
finding a feasible solution for the FPFLES. This can be determined as a MIP problem
constructed using binary variables. This process is valid for the max operator in the
βi j variable. These variables are defined for the membership part, and λ′

i j and β ′
i j are

defined for the non-membership part in the min and max operators, respectively. The
solution approach describes how to obtain the λi j , λ′

i j , βi j and β ′
i j for an (i, j) ∈ S pos .

It can also be applied for all (i, j) in Sneg and Smix .

3.3 Conversion of an FPFLES to anMIP problem

Up to this subsection, this paper has demonstrated how to obtain the minimum and
maximum element of a finite set using an MIP problem and how to apply this trans-
formation to components of the multiplication of two triangular PFNs contained on
the right-hand side of an FPFLES. This subsection shows how to construct an MIP
problem equivalent to an FPFLES.

Consider an FPFLES given in Definition 7. This system contains the fuzzymultipli-
cations of Ai j x j on the left-hand side. According to the sign of Ai j , one of the fuzzy
multiplications (7), (8), or (9) is determined, and the fuzzy multiplication is trans-
formed into the inequalities (10), (11), (12), and (13). Every term in each equation in
FPFLES undergoes this process.
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Since the fuzzy multiplication Ai j x j is determined in (4) and the right-hand side is
Bi , the FPFLES is rewritten as

n∑
j=1

{(λi j , αi j , βi j ); (λ′
i j , αi j , β

′
i j )} = {(bi , gi , hi ); (b′

i , gi , h
′
i )} ∀i . (14)

Using the fuzzy equality given in Definition 6, (14) can be converted into the
following equations

n∑
j=1

λi j = bi (15a)

n∑
j=1

αi j = gi (15b)

n∑
j=1

βi j = hi (15c)

n∑
j=1

λ′
i j = b′

i (15d)

n∑
j=1

β ′
i j = h′

i . (15e)

for all i = 1, 2, . . . ,m. Since the equations system (15) and theFPFLESare equivalent,
they have identical solutions. However, the variables λi j , βi j , λ′

i j , and β ′
i j contain

nonlinearity. Therefore, they are determined using the set of inequalities in (10), (11),
(12), and (13), respectively and the nonlinearity is eliminated.

Since the solution approach is based on the sign of Ai j , the coefficient matrix can
be adapted to the FPFLES by defining the following function

ε(Ai j ) =
⎧
⎨
⎩
[1 0 0] , (i, j) ∈ S pos,

[0 1 0] , (i, j) ∈ Smix ,

[0 0 1] , (i, j) ∈ Sneg
(16)

The MIP problem equivalent to (15) can be written as follows

Min obj =
m∑
i=1

n∑
j=1

0.λi j +
m∑
i=1

n∑
j=1

0.βi j (17a)

s.t.
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ε(Ai j )
[
λi j − ai j x j λi j − ai j z j λi j − ai j z j

]T ≤ 0

ε(Ai j )
[
λi j − ci j x j λi j − ci j x j λi j − ci j z j

]T ≤ 0

ε(Ai j )
[
ai j x j − λi j − Mki j L ai j z j − λi j − Mki j L ai j z j − λi j − Mki j L

]T ≤ 0

ε(Ai j )
[
ci j x j − λi j − Mki j L ci j x j − λi j − Mki j L ci j z j − λi j − Mki j L

]T ≤ 0

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

∀(i, j)

(17b)

ε(Ai j )
[
βi j − ai j z j βi j − ai j x j βi j − ai j x j

]T ≥ 0

ε(Ai j )
[
βi j − ci j z j βi j − ci j z j βi j − ci j x j

]T ≥ 0

ε(Ai j )
[
βi j − ai j z j − Mki j R βi j − ai j x j − Mki j R βi j − ai j x j − Mki j R

]T ≤ 0
ε(Ai j )

[
βi j − ci j z j − M(1 − ki j R) βi j − ci j z j
−M(1 − ki j R) βi j − ci j x j − M(1 − ki j R)

]T ≤ 0

⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

∀(i, j)

(17c)

ε(Ai j )
[
λ′
i j − a′

i j x
′
j λ′

i j − a′
i j z

′
j λ′

i j − a′
i j z

′
j

]T ≤ 0

ε(Ai j )
[
λ′
i j − c′

i j x
′
j λ′

i j − c′
i j x

′
j λ′

i j − c′
i j z

′
j

]T ≤ 0

ε(Ai j )
[
a′
i j x

′
j − λ′

i j − Mk′
i j L a′

i j z
′
j − λ′

i j − Mk′
i j L a′

i j z
′
j − λ′

i j − Mk′
i j L

]T ≤ 0

ε(Ai j )
[
ci j x j − λi j − Mki j L ci j x j − λi j − Mki j L ci j z j − λi j − Mki j L

]T ≤ 0

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

∀(i, j)

(17d)

ε(Ai j )
[
β ′
i j − a′

i j z
′
j β ′

i j − a′
i j x

′
j β ′

i j − a′
i j x

′
j

]T ≥ 0

ε(Ai j )
[
β ′
i j − c′

i j z
′
j β ′

i j − c′
i j z

′
j β ′

i j − c′
i j x

′
j

]T ≥ 0

ε(Ai j )
[
β ′
i j − a′

i j z
′
j − Mk′

i j R β ′
i j − a′

i j x
′
j − Mk′

i j R β ′
i j − a′

i j x
′
j − Mk′

i j R

]T ≤ 0

ε(Ai j )
[
β ′
i j − c′

i j z
′
j − M(1 − k′

i j R) β ′
i j − c′

i j z
′
j

−M(1 − k′
i j R) β ′

i j − c′
i j x

′
j − M(1 − k′

i j R)
]T ≤ 0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

∀(i, j)

(17e)
∑n

j=1 λi j = bi∑n
j=1 αi j = gi∑n
j=1 βi j = hi∑n
j=1 λ′

i j = b′
i∑n

j=1 β ′
i j = h′

i

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

∀i (17f)

y j − x j ≥ 0
z j − y j ≥ 0

}
∀ j (17g)

x j − x ′
j ≥ 0

z′j − z j ≥ 0

}
∀ j (17h)

λi j , λ
′
i j , αi j , βi j , β

′
i j f ree ∀(i, j)

x j , y j , z j , x
′
j , z

′
j f ree ∀ j

ki j L , k′
i j L , ki j R, k′

i j R ∈ {0, 1}, ∀(i, j)

(17i)

where []T is the transpose of the row matrix. In the MIP model, the constraints (17b)-
(17e) select theminimumandmaximumvalues contained in each fuzzymultiplication;
(17f) satisfy the equalities between the left-hand and right-hand sides ofFPFLES; (17g)
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maintain the order between the components of a triangular PFN in the membership
part; (17h) satisfy the order among the components of a triangular PFN; and (17i) are
the sign constraints.

Theorem 3 The exact solution of the FPFLES is the optimal solution of the MIP
problem (17).

Proof Considering the subsection 3.1 and equalities (15), the proof is straightforward.
�


Finding the optimal solution to the MIP problem determines the type of solution,
either exact or approximate, to the FPFLES. However, if the MIP problem lacks
a feasible solution, the FPFLES is considered to have no solution. Therefore, the
following definitions are given to determine the types of solutions to the FPFLES:

Definition 10 For all j , xj = {(xj, yj, zj); (x′
j, yj, z

′
j)} is an exact Pythagorean fuzzy

solution of FPFLES if it solves (7).

Definition 11 Let a Pythagorean fuzzy number Ai j x j is denoted by {(λi j , αi j , βi j );
(λ′

i j , αi j , β
′
i j )} and Bi = {(bi , gi , hi ); (b′

i , gi , h
′
i )}. For all j , xj = {(xj, yj, zj);

(x ′
j , y j , z

′
j )} is said to be a restricted approximate Pythagorean fuzzy solution to the

FPFLES if it satisfies the following conditions:

• For all j , xj is not a feasible Pythagorean fuzzy solution,
• bi ≤ λi j and hi ≥ βi j , and b′

i ≤ λ′
i j and h′

i ≥ β ′
i j for all i .

Definition 12 Let a Pythagorean fuzzy number Ai j x j is denoted by {(λi j , αi j , βi j );
(λ′

i j , αi j , β
′
i j )} and Bi = {(bi , gi , hi ); (b′

i , gi , h
′
i )}. For all j , xj = {(xj, yj, zj);

(x ′
j , y j , z

′
j )} is said to be a relaxed approximate Pythagorean fuzzy solution to the

FPFLES if it satisfies the following conditions:

• For all j , xj is not a feasible Pythagorean fuzzy solution,
• bi ≤ βi j and hi ≥ λi j , and b′

i ≤ β ′
i j and h′

i ≥ λ′
i j for all i .

Little difference can be seen between Definition 11 and Definition 12. In Defini-
tion 11, when the solution obtained is substituted in an equation of the FPFLES, the
support of the LHS value is covered by the support of the RHS value, and this is
provided for each equation. On the other hand, Definition 12 states that the support
of LHS value obtained from the substitution can be covered by the support of RHS
value or not.

In addition to these definitions, the types of solutions can be determined using
the distance measure presented in (1). In this study, the distance measure function
proposed by Ebadi et al. [19] is used. Despite different values being obtained with
the different distance measure functions, the determination of exact and approximate
solutions will remain same. Accordingly, if D (AX ,B) = 0 for the solution xj, then
the xj is an exact Pythagorean fuzzy solution to the FPFLES. If D (AX ,B) �= 0, then
xj is an approximate fuzzy Pythagorean solution to the FPFLES.

The solution types of FPFLES can be represented in Fig. 1.
Figure1 illustrates the solution cases for any equation in the FPFLES, specifically

for membership function values of a Pythagorean fuzzy number. In Figure 1a, the
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Fig. 1 Solution types for a FPFLES

LHS is equal to the RHS, which means the solution is exact. It should be noted that in
order for the solution found to be an exact solution of the FPFLES, the structure given
in Figure 1a must be satisfied for all equations. In Figure 1b, the distance measure
between the LHS and RHS is different than zero, which is an approximate solution.
The classification of this approximate solution is restricted because the support of
the RHS value covers the support of the LHS value. Figure 1c illustrates the relaxed
approximate solution, as the intersection of the LHS and RHS support sets is not null.
In Figure 1d, there are no mutual points for both LHS and RHS, which means there
is no solution. Figure1 can also be illustrated for non-membership function values of
the Pythagorean fuzzy number similarly.

3.4 Determination of the type of solution to FPFLES

The following steps can be applied to solve an FPFLES:

Step 1 Consider an FPFLES having Pythagorean fuzzy parameters Ai j in triangular
form.

Step 2 For all (i, j) pairs i = 1, 2, . . . ,m; j = 1, 2, . . . , n:

(i) Determine the set to which the parameter Ai j belongs: S pos, Smix , or Sneg .
(ii) Construct the components defined in (5) such asλi j ,λ′

i j ,βi j , andβ ′
i j , and define

binary variables ki j L , k′
i j L , ki j R , and k

′
i j R corresponding to these components.

(iii) Construct the set of inequalities as given in (10) for the component λi j , and
similarly, apply the same process as in (11), (12), and (13) for the components
λ′
i j , βi j , and β ′

i j , respectively. Add all these inequalities into an MIP problem
as constraints.

Step 3 Write the fuzzy equalities given in (15) for all i , and include these equations
into the MIP problem as constraints.

Step 4 Add the inequalities y j − x j ≥ 0 and z j − y j ≥ 0 for maintaining the order
of the components in the membership part; and x j − x ′

j ≥ 0 and z′j − z j ≥ 0
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for maintaining the order among the components of a triangular PFN for all j
to the MIP problem as constraints.

Step 5 Solve the MIP problem (17) and analyze the solution as follows:

(i) If obj = 0, then the MIP problem has an optimal solution, and it is an exact
Pythagorean fuzzy solution to the FPFLES. Go to Step 9.

(ii) If the MIP problem has alternative solutions, then the FPFLES has alternative
Pythagorean fuzzy solutions. Go to Step 9.

(iii) If theMIP problem no feasible solution, then the FPFLESmay have an approx-
imate Pythagorean fuzzy solution. Continue.

Here, D (AX ,B) = 0 is obtained for (i) and (ii).
Step 6 For all i = 1, 2, . . . ,m:

(i) Rearrange the equality constraint (17f) by introducing Pythagorean fuzzy
variables Li = {(LL

i , LM
i , LR

i ); (L
′L
i , LM

i , L
′R
i )} to the left-hand side and

Ri = {(RL
i , RM

i , RR
i ); (R

′L
i , RM

i , R
′R
i )} to the right-hand side of the con-

straints and rewrite the equations as follows:

n∑
j=1

λi j + LL
i = bi + RL

i

n∑
j=1

αi j + LM
i = gi + RM

i

n∑
j=1

βi j + LR
i = hi + RR

i

n∑
j=1

λ′
i j + L

′L
i = b′

i + R
′L
i

n∑
j=1

β ′
i j + L

′R
i = h′

i + R
′R
i

(ii) Rearrange the objective function (17a) consisting of the sum of the defined
Pythagorean fuzzy variables:

Min obj = LL
i + LM

i + LR
i + L

′L
i + L

′R
i + RL

i + RM
i + RR

i + R
′L
i + R

′R
i .

This means that a modification is made to the objective function of the MIP
problem to find a solution that minimizes the total error added to both sides of
the equation.

(iii) Add new constraints to cover the LHS values:
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n∑
j=1

λi j − bi ≥ 0,

hi −
n∑
j=1

βi j ≥ 0,

n∑
j=1

λ′
i j − b′

i ≥ 0,

h′
i −

n∑
j=1

β ′
i j ≥ 0.

Step 7 Solve the restricted MIP problem and analyze the solution as follows:

(i) If the restricted MIP problem has an optimal solution, then the FPFLES has a
restricted approximate Pythagorean fuzzy solution. Go to Step 9.

(ii) Even if a restricted approximate solution has been found, it is possible to find
a relaxed approximate solution. Continue.

(ii) If the restricted MIP problem has no feasible solution, then the FPFLES may
have a relaxed approximate solution. Continue.

Step 8 Eliminate the particular block of constraints in Step 6 (iii) and obtain a relaxed
MIP problem. Analyze the solution as follows:

(i) If the relaxed MIP problem has an optimal solution, then the FPFLES has a
related approximate Pythagorean fuzzy solution. Go to Step 9.

(ii) If the relaxed MIP problem has no feasible solution, then it means there is no
solution for the FPFLES. Stop.

Step 9 Determine the solution to the FPFLES. Stop.

4 Numerical examples

In this section, some numerical examples are illustrated to show the applicability of
the solution approach to the FPFLES. The closeness between the LHS and RHS of
each FPFLES helps to determine the type of solution to the FPFLES.

Example 1 Consider the following FPFLES:

{(4, 7, 11); (2, 7, 13)}x1 ⊕ {(5, 8, 10); (3, 8, 12)}x2 = {(23, 83, 157); (8, 83, 249)}
{(3, 5, 8); (1, 5, 11)}x1 ⊕ {(4, 7, 10); (2, 7, 13)}x2 = {(18, 67, 136); (5, 67, 242)}

where x1, x2 are triangular PFNs.

The adapted approach startswithmultiplying the Pythagorean fuzzy parameters and
variables. Consider multiplying A11 and x1. Since the triangular PFN has member-
ship and non-membership values, the multiplication is between {(4, 7, 11); (2, 7, 13)}
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and {(x1, y1, z1); (x ′
1, y1, z

′
1)}. It is seen that A11 ∈ S pos which shows that the mul-

tiplication defined in (7) is applied. Hence, the multiplication of A11 and x1 is such
that

A11x1 = {(λ11, α11, β11); (λ′
11, α11, β

′
11)}

where
λ11 = min{4x1, 11x1}
α11 = 7y1
β11 = max{4z1, 11z1}
λ′
11 = min{2x ′

1, 13x
′
1}

β ′
11 = max{2z′1, c′

13z
′
1}.

Here, the min and max operators yield a non-linearity situation. Thus, the situation
is handled by converting these components into inequalities. To illustrate, only the
first component λ11 is transformed into the following inequalities:

λ11 ≤ 4x1
λ11 ≤ 11x1

4x1 − λ11 ≤ Mk11L
11x1 − λ11 ≤ M (1 − k11L)

where M is a large constant, and k11L is a binary variable. The same transformation
is applied for all terms on the right-hand side of the FPFLES.

In the FPFLES, the parameters and the right-hand side values belong to the set
S pos . Hence, the same inequality forms given in (7) are used for the multiplications.

It is seen that the multiplication of A11 and x1 yields 16 inequalities. Accordingly,
there are 2 different multiplications in the first equation of the FPFLES: A11 and
x1, and A12 and x2. Therefore, the FPFLES with the dimension 2×2 is converted
into an MIP problem having 2×2×16 inequalities. Moreover, the inequalities given
in Step 4 are added to the MIP problem to maintain the order of a fuzzy variable’s
components. By solving the MIP problem, an optimal solution is found. Therefore,
the exact Pythagorean fuzzy solution is found to be x1 = {(2, 5, 7); (1, 5, 9)} and
x2 = {(3, 6, 8); (2, 6, 11)}.

By substituting the exact Pythagorean fuzzy solution into each equation, the close-
ness between the RHS and LHS is found to be 0, which indicates the accuracy of the
solution.

Since there is no research on FFLES with triangular PFNs in the literature, this
example utilizing the equations from the LP problem with equality constraints in the
article [7] is constructed.

Example 2 Consider the following FPFLESmodified from an example in [4] by taking
the triangular fuzzy numbers as the membership value of the triangular Pythagorean
fuzzy numbers:

{(3, 8, 12); (1, 8, 15)}x1 ⊕ {(−4,−3, 0); (−10,−3, 5)}x2
⊕{(−2, 3, 7); (−5, 3, 10)}x3 = {(−43, 12, 104); (−100, 12, 205)}

{(−6, 0, 1); (−10, 0, 5)}x1 ⊕ {(−20,−10, 2); (−25,−10, 5)}x2
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Table 2 LHS and RHS values and their distance measures for each equation in the case of restricted
approximate solution

LHS RHS Distance

Eq1 {(−14.667,−0.667,12.667);(−20,−0.667,20)} {(−15,−2,15);(−20,−2,20)} 4.999

Eq2 {(−15,4,17.333);(−19.75,4,22)} {(−15,4,20);(−25,4,24)} 7.92

⊕{(−13,−6,−1); (−15,−6, 5)}x3 = {(−61, 24, 125); (−225, 24, 225)}
{(−30,−27,−21); (−35,−27,−15)}x1 ⊕ {(5, 6, 7); (1, 6, 10)}x2

⊕{(12, 19, 22); (10, 19, 25)}x3 = {(−356,−157, 26); (−520,−157, 130)}

where x1, x2 and x3 are triangular PFNs.

Here, there are three different types of parameters belonging to the sets S pos , Smix ,
and Sneg . For example, A11 ∈ S pos , A22 ∈ Smix , and A31 ∈ Sneg , therefore, the
multiplications defined in (7), (8), and (9) are applied, respectively.

Since the FPFLES has a 3×3 dimension, it is converted into an MIP problem with
3×3×16 inequalities. Then, the inequalitiesmaintaining the order of a fuzzy variable’s
components, as given in Step 4, are added to the MIP problem. After solving the MIP
problem, the exact Pythagorean fuzzy solution is found to be x1 = {(1, 3, 7); (0, 3, 9)},
x2 = {(−2, 0, 1); (−3, 0, 3)}, and x3 = {(−6,−4,−1); (−7,−4, 4)}, and the close-
ness between LHS and RHS is equal to 0, accordingly.

Example 3 Consider the following FPFLESmodified from an example in [4] by taking
the triangular fuzzy numbers as the membership value of the triangular Pythagorean
fuzzy numbers:

{(−3,−1, 2); (−5,−1, 3)}x1 ⊕ {(1, 2, 4); (0, 2, 5)}x2
= {(−15,−2, 15); (−20,−2, 20)}

{(−4,−3,−2); (−5,−3, 0)}x1 ⊕ {(1, 3, 6); (0, 3, 8)}x2
= {(−15, 4, 20); (−25, 4, 24)}

where x1, x2 are triangular PFNs.

Firstly, it should be determined whether there is an exact Pythagorean fuzzy
solution for Example 3. Applying Step 1 through Step 5, an MIP problem
is constructed and an infeasible solution is found. That is, there is no exact
Pythagorean fuzzy solution to the FPFLES. Thus, to find an approximate Pythagorean
fuzzy solution, the remaining steps are applied. When Steps 6 and 7 are pro-
cessed, a restricted approximate Pythagorean fuzzy solution is found to be x1 =
{(−3.333,−3, 333, 0, 75); (−3.333,−3.333, 1.8)}, x2 = {(−2,−2, 0.667);
(−2,−2, 0.667)}. The solutions are substituted into the equations, the LHS values
are calculated, and each distance measure between the LHS and RHS is found in
Table 2.

Table 2 demonstrates that the closeness between the LHS and RHS isD (AX ,B) =
12.919.
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Table 3 LHS and RHS values and their distance measures for each equation in the case of relaxed approx-
imate solution

LHS RHS Distance

Eq1 {(−14.667,−0.667,14.444);(−20,−0.667,22.222)} {(−15,−2,15);(−20,−2,20)} 5.25

Eq2 {(−15,4,20);(−19.75,4,25.556)} {(−15,4,20);(−25,4,24)} 3.226

By cleaning the constraints presented in Step 6 (iii), a relaxed MIP problem
is obtained. After finding the optimal solution to the MIP problem, the relaxed
approximate Pythagorean fuzzy solution is found as x1 = {(−3.333,−3, 333, 0, 75);
(−3.333,−3.333, 1.8)}, x2 = {(−2,−2, 1.111); (−2,−2, 1.111)}. Table 3 presents
each LHS value when the solution found is substituted into the equations and each
corresponding RHS value and their distance measures.

The closeness is found to be D (AX ,B) = 8.476. It is clear that when the MIP
problem is restricted, the distance measure value becomes higher than the measure
obtained from the relaxed MIP problem.

Example 4 Consider the following FPFLES:

{(2, 3, 5); (1, 3, 6)}x1 ⊕ {(1, 2, 2); (0, 2, 3)}x2
⊕{(−3, 0, 1); (−5, 0, 2)}x3 = {(−7, 4, 20); (−20, 4, 50)}

{(−3, 2, 5); (−4, 2, 6)}x1 ⊕ {(4, 5, 6); (3, 5, 7)}x2
⊕{(0, 2, 4); (−3, 2, 5)}x3 = {(−13, 6, 23); (−32, 6, 58)}

{(−3,−2,−1); (−5,−2,−1)}x1 ⊕ {(0, 2, 5); (−2, 2, 6)}x2
⊕{(−5, 0, 5); (−6, 0, 6)}x3 = {(−18, 4, 33); (−47, 4, 58)}

{(−1, 0, 1); (−2, 0, 2)}x1 ⊕ {(0, 2, 4); (−2, 2, 4)}x2
⊕{(4, 5, 6); (3, 5, 8)}x3 = {(−19,−6, 9); (−46,−6, 22)}

where x1, x2 and x3 are triangular PFNs.

This synthetic example is constructed to show that the adapted approach can solve
a non-square structured FPFLESs. Since the dimension of FPFLES is 4 × 3, an MIP
problem has 4 × 3 × 16 inequalities from the transformation process; also consid-
ering the equality constraints in Step 3 and inequality constraints in Step 4, the
optimal solution is found for the MIP problem. Therefore, the exact Pythagorean
fuzzy solution is x1 = {(−1, 0, 1); (−2, 0, 3)}, x2 = {(1, 2, 3); (0, 2, 4)}, and
x3 = {(−3,−2,−1); (−4,−2, 0)}, and the distance measure is D (AX ,B) = 0.

Example 5 Consider an FPFLEShaving the same parameters in LHS as given inExam-
ple 4 while changing the RHS values as follows:

{(2, 3, 5); (1, 3, 6)}x1 ⊕ {(1, 2, 2); (0, 2, 3)}x2
⊕{(−3, 0, 1); (−5, 0, 2)}x3 = {(−10, 5, 25); (−25, 5, 55)}

{(−3, 2, 5); (−4, 2, 6)}x1 ⊕ {(4, 5, 6); (3, 5, 7)}x2
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⊕{(0, 2, 4); (−3, 2, 5)}x3 = {(−15, 8, 25); (−35, 8, 60)}
{(−3,−2,−1); (−5,−2,−1)}x1 ⊕ {(0, 2, 5); (−2, 2, 6)}x2

⊕{(−5, 0, 5); (−6, 0, 6)}x3 = {(−20, 3, 35); (−50, 3, 60)}
{(−1, 0, 1); (−2, 0, 2)}x1 ⊕ {(0, 2, 4); (−2, 2, 4)}x2

⊕{(4, 5, 6); (3, 5, 8)}x3 = {(−20,−5, 10); (−50,−5, 25)}

where x1, x2 and x3 are triangular PFNs.

Since the FPFLES has a non-square structure, an MIP problem has 4 × 3 ×
16 inequalities found from the fuzzy multiplication, and also other constraints
defined in Step 3 and Step 4. When the MIP problem is solved, there is no
feasible solution, which means the FPFLES has no exact Pythagorean fuzzy solu-
tion. Thus, to find a restricted approximate solution, constraints defined in Step
6 are included in the MIP problem, and a restricted MIP problem is obtained.
The restricted approximate Pythagorean fuzzy solution is found to be x1 =
{(−1.6667, 0.5968, 1.5741); (−2.6056, 0.5968, 3.1221)}, x2 = {(1.3889, 2.0968,
2.8549); (1.3498, 2.0968, 3.1455)}, and x3 = {(−3.0556,−1.8387,−0.7716);
(−4.6831,−1.8387, 0.7717)}, and the closeness is D (AX ,B) = 82.3844. The
relaxed approximate Pythagorean fuzzy solution can also be found by cleaning the con-
straints in Step 6(iii) and it is x1 = {(−1.6667, 0.5968, 1.5741); (−2.6801, 0.5968,
2.9731)}, x2 = {(1.3889, 2.0968, 2.9444); (1.1263, 2.0968, 4.1886)}, and x3 =
{(−3.0556,−1.8387,−0.8611); (−4.4596,−1.8387, 0.2875)}, and the closeness is
D (AX ,B) = 81.0418.

Table 4 presents the types of solution, which vary based on the constraint arrange-
ments, and the corresponding LHS values and distance measure between LHS and
RHS for each equation.

Example 6 Consider an FPFLEShaving the same parameters in LHS as given inExam-
ple 4 while changing the RHS values as follows:

{(2, 3, 5); (1, 3, 6)}x1 ⊕ {(1, 2, 2); (0, 2, 3)}x2
⊕{(−3, 0, 1); (−5, 0, 2)}x3 = {(−5, 5, 15); (−10, 5, 20)}

{(−3, 2, 5); (−4, 2, 6)}x1 ⊕ {(4, 5, 6); (3, 5, 7)}x2
⊕{(0, 2, 4); (−3, 2, 5)}x3 = {(−10, 8, 20); (−30, 8, 55)}

{(−3,−2,−1); (−5,−2,−1)}x1 ⊕ {(0, 2, 5); (−2, 2, 6)}x2
⊕{(−5, 0, 5); (−6, 0, 6)}x3 = {(−15, 3, 30); (−45, 3, 55)}

{(−1, 0, 1); (−2, 0, 2)}x1 ⊕ {(0, 2, 4); (−2, 2, 4)}x2
⊕{(4, 5, 6); (3, 5, 8)}x3 = {(−25,−5, 5); (−45,−5, 20)}

where x1, x2 and x3 are triangular PFNs.

The MIP problem is constructed by applying the solution process from Step
1 to Step 5. When the problem is solved, it is seen that there is no feasi-
ble solution, which means the FPFLES has no exact Pythagorean fuzzy solution.
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Table 5 Data for Example 7

Machine
type

Product 1 Product 2 Product 3 Available time

Milling {(1,2,5);(0,2,6)} {(3,4,4);(1,4,6)} {(0,1,2);(0,1,5)} {(19,68,115);(5,68,213)}

Lathe {(2,3,5);(0,3,6)} {(0,1,11);(0,1,15)} {(4,5,6);(2,5,8)} {(30,77,261);(10,77,393)}

Grinder {(2,5,7);(1,5,10)} {(4,6,6);(2,6,9)} {(5,7,10);(3,7,15)} {(61,167,253);(25,167,440)}

Thus, to find a restricted approximate solution, constraints defined in Step 6 are
included in the MIP problem. The restricted MIP problem is obtained, and when
it is solved, no optimal solution is found, which means there is no restricted
approximate Pythagorean fuzzy solution to the FPFLES. Finally, the constraints
coming from Step 6(iii) are cleaned, a relaxed MIP problem is formed, and
its optimal solution is found. Therefore, the relaxed approximate Pythagorean
fuzzy solution is found to be x1 = {(−0.7467, 0.4, 0.4); (−0.7467, 0.4, 3.7781)},
x2 = {(1.4933, 1.9, 2.792); (0, 1.9, 4.7747)}, and x3 = {(−2.76,−0.2213, 0.1298);
(−2.76,−0.2213, 0.1298)}, and the closeness is D (AX ,B) = 76.3758. This exam-
ple shows how to evaluate the approximate solution based on whether the RHS covers
the LHS.

Example 7 Assume that a company manufactures three products: Product 1, Product
2, and Product 3. The machine hours required to produce each unit of the respective
product and available capacity of the machines, which may restrict output, are given
in Table 5. Determine how much of each product should be manufactured to utilize
the entire available time (machine hours per month).

To model the manufacturing problem, the decision variables x1, x2, and x3
represents the quantity of each product produced during the month. After con-
structing the MIP problem, it is solved and the exact Pythagorean fuzzy solution
is found to be x1 = {(1, 5, 7); (0, 5, 8)}, x2 = {(6, 12, 14); (5, 12, 15)}, and x3 =
{(7, 10, 12); (5, 10, 15)}.

Thismanufacturing problem ismodified froman example in the study [15] by taking
the triangular fuzzy numbers as the membership value of the triangular Pythagorean
fuzzy numbers. The non-membership values of triangular Pythagorean fuzzy numbers
are determined considering the membership values. It is seen that the solution found
in [15] overlaps with the membership values of the exact Pythagorean fuzzy solution.

Example 8 There are four products A, B, C, and D that a company sells, and the esti-
mated cost prices for these products are {(200, 210, 220); (180, 210, 240)},{(80, 100,
100); (60, 100, 120)}, {(400, 500, 500); (350, 500, 600)}, and {(190, 200, 200);
(180, 200, 220)} dollars, respectively. If the company sells A for a profit or
loss of s% and B for a profit or loss of r%, that will make a net profit of
{(0, 100, 1860); (−2100, 100, 3900)} dollars. However, if the company sells C and
D at the same profit or loss percentage as A and B, that will make a net profit of
{(0, 1000, 4080); (−3750, 1000, 9300)} dollars. Identify s and r .
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The given problem can be converted to the following FPFLES:

{(200, 210, 220); (180, 210, 240)}s ⊕ {(80, 100, 100); (60, 100, 120)}r
= {(0, 100, 1860); (−2100, 100, 3900)}

{(400, 500, 500); (350, 500, 600)}s ⊕ {(190, 200, 200); (180, 200, 220)}r
= {(0, 1000, 4080); (−3750, 1000, 9300)}

When te MIP problem is constructed and solved, the exact Pythagorean fuzzy solu-
tion is found to be s = {(10, 10, 15); (5, 10, 20)}, and r = {(−20,−20,−18); (−25,
−20,−15)}. Given that s > 0 and r < 0, it is evident that the company realized a
profit from the sale of A and C while incurring a loss from the sale of B and D.

This production problem ismodified from an example in the study [28] by taking the
triangular fuzzy numbers as the membership value of the triangular Pythagorean fuzzy
numbers. It is seen that the solution found in [28] is equivalent with the membership
values of the exact Pythagorean fuzzy solution.

5 Conclusion

The PFS is an expansion of intuitionistic fuzzy sets that offers an additional way of rep-
resenting incomplete knowledge. This paper constructs an FPFLES, that is an FFLES
in the Pythagorean fuzzy environment using triangular PFNs. The approach is based
on finding the minimum and maximum elements of a finite set by formulating an MIP
problem.When considering a set of finite elements, binary variables can be introduced
to determine the minimum and maximum elements. These variables help model the
criteria for selecting one of these elements as the minimum or maximum. This concept
is implemented into fuzzy multiplication. The LHS of each equation in the FPFLES
consists of the sum of the multiplications of each parameter and variable, and these
parameters are taken as arbitrary PFNs. The min and max operators in the definition
of fuzzy multiplication produce nonlinearity which is handled by obtaining a set of
inequalities from the fuzzy multiplication. From this transformation, an FPFLES is
converted into an MIP problem, resulting in identical solutions. Accordingly, the MIP
problem is examined considering its optimal solution. If an optimal solution exists for
the MIP problem, it means that an exact Pythagorean fuzzy solution is determined.
If there is no feasible solution to the MIP problem, some rearrangements are made
in the constraints and in the objective function to find an approximate Pythagorean
fuzzy solution. In this paper, the approximate solution is detailed in two concepts, such
as restricted and relaxed. When the solution obtained is substituted in each equation
of the FPFLES, the support of each LHS value is covered by the support of each
corresponding RHS value. The solution obtained from this case is called a restricted
approximate Pythagorean fuzzy solution. On the other hand, in the relaxed approxi-
mate Pythagorean fuzzy solution, the support of each LHS value obtained from the
substitution can be covered by the support of each corresponding RHS value or not.
Besides determining the types of a solution via finding the optimal solution to theMIP
problem, the distance measure is also utilized. The distance measure determines the
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closeness between the left-hand and right-hand sides of the equations in the FPFLES.
Therefore, if the closeness is zero, then the solution found is exact; otherwise, it is an
approximate solution. This study also demonstrates that when a restricted solution is
obtained, the closeness is greater than the value in the case of a relaxed solution. To
the best of our knowledge, this study is the first in the literature to address solving an
FPFLES and categorizing the solutions into exact, restricted, and relaxed approximate.
Several examples are solved to demonstrate the applicability of the adapted approach.
Most of these examples have beenmodified from linear systems in the literature or syn-
thetically generated. While the first two examples provide exact solutions for square
FPFLESs, the third example offers an approximate solution for square FPFLES. In the
fourth and fifth examples, non-square FPFLESs are considered, and exact and approx-
imate solutions are obtained, respectively. The last example shows that evaluating the
approximate solution is important based on whether the RHS values cover or do not
cover the LHS values. In the future, it is planned to find a Pythagorean fuzzy solution to
a dual LES in the Pythagorean fuzzy environment. On the other side, the solution of a
system of nonlinear equations consisting of Pythagorean fuzzy numbers can be future
work. Solving nonlinear fuzzy equation systems involves handling equations where
the variables, coefficients, or both are represented by fuzzy numbers. The techniques
used to solve these systems aim to find fuzzy solutions that satisfy the equations within
a tolerance of the fuzziness. Numerical approximation techniques [1, 41, 45], exten-
sion principle-based methods [2, 26], or optimization-based methods [17, 25] can be
somemain approaches to solving such systems. Therefore, the proposed approach can
be extended as an optimization-based method and implemented to solve the system
of nonlinear equations.
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