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Abstract
Fuzzy regression is an attractive application due to its ability to solve problems in the absence of
accuratemathematicalmodels. In this study, rheological properties of a bio-nanocomposite were
predicted using fuzzy regression. The aimof study is to introduce themethodology and application of
fuzziness in detail for handling uncertainty in the experimental data. In this context, rheological
properties of green eggshell bio-nanocomposites are investigated using different operating para-
meters. Since the determination of surface tension is prone to experimental errors, a novel fuzzy-
hybridmodel is proposed in addition to a crispmodel. Statistical error analysis is conducted to assess
the validity of themultivariatemodels proposed.While bothmodels provided satisfactory results, it is
observed that the fuzzy-hybridmodel outperforms the crispmodel in both accuracy and generality.
This study highlights that the proposedmodels have an impressive potential to be used formodeling
experimental studies in nanotechnologicalmanufacturing applications.

1. Introduction

Rapid and accurate prediction of properties of newmaterials is themain goal of computationalmaterials science
[1]. Before their development and production, thematerials should sufficiently bemodeled and analyzed [2].
This is especially important inmanufacturing bio-based nanocomposites, where the surface properties depend
on the nanostructure [3, 4].

Latterly, bio-based nanocomposites have received great interest from researchers since they procure several
advantages such as being eco-friendly, low-cost, readily available, biodegradable, and biocompatible with large
surface areas [4–6].Materials with different biological origin such as plant, plant extracts, polysaccharides,
lipids, proteins, biopolymers, and fossil species are observed to prefer to use the nanobiocomposites [7–9]. Also,
numerous studies on the synthesis of nanobiocomposites have been conducted using green chemistry principles
concerning sustainability [10–12].With these advantages, nanobiocomposites, which possess exceptional
properties, have been synthesized by considering special conditions such as preventingwaste by using non-
hazardous chemicals, designing safer chemicals, and enhancing energy efficiency at ambient temperature and
pressure [13, 14]. Severalmethods including nanoemulsion, precipitation, sonochemical, hydrothermal,
solvothermal, wet chemical route, and chemical vapor deposition have been used for the preparation of
nanobiocomposites [15–17].
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In this study, greenκ-Carrageenan/PVA eggshell bio-nanocomposites (ESNCs) are prepared and the
rheological properties of ESNCs using differentmathematicalmodels are examined. Additionally, the relation
between surface tension andmicelle concentration depending on the variables of concentration,mass fraction,
the amount of surfactant, pH and temperaturewas investigated experimentally. Themeasurement of surface
tension is susceptible to random (or indeterminate) experimental errors, indifferent from any experimental
procedure that can be affected by external factors such as human intervention ormeasurement device
sensitivity.Whilemathematicalmodeling the surface tension in a crisp approach is possible and applicable, the
uncertainty in the imprecise data is lost during the process. However, by utilizing fuzzy regression, the error
informationmay be represented in the output. This is possible since the errors are containedwithin the fuzzy
coefficients [18]. Thus, this study aims to develop empiricalmodels for the surface tension using fuzzy logic and
regression analysis and shows that the fuzzy-hybridmodeling approach is superior to the conventional crisp
approach.We have providedmathematicalmodels derived from the experimental results. First, a crispmodel is
constructed in-linewith the literature [19].While the proposed crispmodel satisfactorily represents the data, we
observed that the surface tensionwas represented evenmore rigorously by the utilization of fuzzy regression.
Thus, a novel fuzzy-hybridmodel is constructed for the values below and above the criticalmicelle
concentration value by using linear and fuzzy regression, respectively. The fuzzy-hybridmodel enables the
representation of the dataset to bemore reliable. The statistical error analysis is conducted to assess the validity of
the derivedmodels. It is shown that the fuzzy-hybridmodel outperforms the crispmodel since the error
information is also included in the output of the fuzzy-hybridmodel and the constructed piecewise function
represents the datamore accurately. The novelty of this studywas to investigate the effect of changing
experimental optimization parameters (pH, temperature, concentration, and surface-active additives
cetyltrimethylammoniumbromide (CTAB)) on surface tension in green eggshell nanocomposites and to design
a combination of fuzzy and conventional crispmodeling. The fuzzy-hybridmodeling approachwas proposed
for thefirst time in the literature, and its benefits to themodeling of rheological properties were discussed in
detail. The constructedmodels are statistically comparedwith each other. Overall, this study improves the
knowledge in characterization of the ESNCs and describes a novelmodeling approachwith superior properties.
The results of this study providemore insight about the ESNCs andwill be useful to researchers for advanced
modeling of the rheological properties of any nanomaterial.

The organization of the paper is as follows. In section 2, the preparation and characterization of the ESNCs is
explained, and themethodology ofmathematicalmodels are presented. In section 3,first the characterization of
the nanobiocomposite is given. Then, the crisp and fuzzy-hybridmodels are provided, and the statistical error
analysis is conducted. Finally, the paper ends with the conclusions in section 4.

2.Materials andmethods

2.1.Materials
White eggshells were obtained froma farm in Istanbul (Turkey).κ-carrageenanwas (788,7 g mol−1) and
cetyltrimethylammoniumbromide (CTAB) (MolecularWeight:364.45 g mol−1) purchased fromSigmaAldrich
Company (Germany). Polyvinyl alcohol (60.000 gmol−1), acetic acid (purity: 100%), and ethanol (purity: 96%)
were purchased fromMerckCompany (Germany).

2.2. Characterization of ESNCs
The chemical and surface properties of the prepared ESNCswere determined using various characterization
techniques such as scanning electronmicroscopy (SEM, FEI Company,USA)with a gold coating process at
20 kV of the accelerating voltage, dynamic light scattering (DLS-Mastersizer sourcematerial samples up to 3X
trituration step), and fourier transform infrared spectroscopy (FTIR) in the frequency range from400 to
4000 cm−1. The surface tensions of ESNCswere performed using a force tensiometer (KRUSSCompany,
Germany). The z-average size of the ESNCs is computed by the following equation [20].

( )å
å

=D
I
I

D

2.1
i

i

i

avg

here, I is the intensity, D is the hydrodynamic diameter, andDavg is the z-average size of the ESNCs.

2.3. Preparation of ESNCs
The ESNCswere prepared following the experimental procedure described in our previous study [21]. 10 g of
white eggshell waswashedwith distilledwater and dried in amicrowave oven. (1/1, v/v) 50 ml of water/ethanol
solutionwas added to the eggshell and placed in themicrowave oven for 5 min. Then, the solutionwasmixed
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with 10 ml of glacial acetic acid/distilledwater (1:49, v/v) solution and sonicated at 35% amplitude for 1 h. 5.0 g
of PVAwere dissolved in 50 ml distilledwater at 80 °Cand kept for 5 days in a dark glass.κ-carrageenan (0.1 g)
was dissolved in 50 ml distilledwater. PVA,κ-carrageenan, and eggshell solutions weremixed and sonicated for
1 h. Finally, the sample wasfiltered through a sterile filter (0.22micron) and stored in a sterile container at 25 °C.
Additionally, the optimumpH, eggshellmass fractions (2%, 5%, and 10%), temperature (25 °C–50 °C),
pH (3–10), CTABmass fraction (2%, 4%, and 5%), variety, and concentration of the ESNCswere examined.

2.4. Fuzzy regression
Regression analysis is an effective and reliable statisticalmethod to determine the impact of one or several
independent variable(s) on a dependent variable. Thismost widely usedmethod has broad application areas
such as and engineering, biology, business, and economic forecasting.

There are some cases that the observations are not exact and stable in nature. To deal with this vague and
uncertain environment, fuzziness is considered in systemswhere human estimation is effective, and thus, a fuzzy
structure of regression is developed. Fuzzy linear regression analysis isfirst introduced byTanaka et al [22]. They
formulated a linear programming problem to determine the regression coefficients in fuzzy form. After then,
several articles have addressed the issue of regression in a fuzzy environment in the literature [18, 23].

In this paper, we used the fuzzy regression, whichminimizes the total fuzziness of themodel proposed by Lee
andTanaka (1999) [24], referred to as possibilistic linear regression. They used a fuzzy linear function, of which
only parameters are fuzzy numbers, as a regressionmodel to express fuzziness. They proposed a fuzzy regression
model by assuming nonsymmetric triangular fuzzy numbers. In this regressionmodel, the dataset contains crisp
inputs and after the application of themodel, fuzzy outputs are obtained. In the proposed fuzzy regression
analysis, quadratic programming problem is used, which integrates the properties of central tendency and
possibility. The proposedmodelminimizes the total spread, whereas its constraints show that the observed
values should be covered by the estimated fuzzy number at the particular level of threshold. The quadratic
programming approach allows to obtain the center and the spread coefficients simultaneously and presents
some trade-offs between theminimum spread and the central tendency in the regressionmodel.

Consider ( ) ( )= ¼ = ¼x y x x y j m; 1, , , ; , 1, ,j j j jn j1 is the observed dataset where ( )= ¼x x x1, , ,j j jn1 is

the jth input data, yj is the jth output data and m is the data size. The fuzzy regressionmodel is presented as

˜ ( ) ˜ ˜ ˜ ( )= + + +xY A A x A x 2.2n n0 1 1

where the components of input data ( )= ¼x x x1, , , n1 are crisp numbers, the coefficients ˜ = ¼A i n, 0, ,i and
the estimated output ˜ ( )xY are (non-symmetric) triangular fuzzy numbers. A triangular fuzzy number
˜ ( )=A a l r, ,i i i i is defined by using amembership function ( )˜m xAi

which takes a value between 0 and 1, such
that

⎧

⎨

⎪⎪

⎩
⎪
⎪

( ) ( )˜m =

-
-

-

-
-

+

 

 x

a x

l
ifa l x a

x a

r
ifa x a r

otherwise

1 ,

1 ,

0,

2.3A

i

i
i i i

i

i
i i ii

where ai is the center, li and ri are left and right spreads, respectively. Therefore, the regressionmodel given in
(1) can be expressed as

˜ ( ) ( ) ( ) ( )
( ( ) ( ) ( )) ( )


q q q

= + + +
=

x

x x x

Y a l r a l r x a l r x, , , , , ,

, , 2.4
j

j j j

j n n n jn

C L R

0 0 0 1 1 1 1

where,

( )

( )

( ) ( )

å

å å

å å

q

q

q

=

= -

= -

=

<

<





x

x

x

a x

l x r x

r x l x 2.5

j

j

j

C
i

n

i ji

L
x

i ji
x

i ji

R
x

i ji
x

i ji

0

0 0

0 0

ji ji

ji ji

represent the center, the left-spread, and the right-spread of the fuzzy output ˜ ( )xY ,j respectively. It should be
noted that the left and right spreads of the fuzzy output, i.e. ( )q xjL and ( )q x ,jR are positive since the left and right
spreads of the fuzzy coefficients, i.e. li and r ,i = ¼i n0, , , are assumed to be positive.

Since the parameter h is a given threshold, the -h level set of the estimated output ˜ ( )xY is determined as an
interval such that
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[ ˜ ( )] [ ( ) ( ) ( ) ( ) ( ) ( )] ( )q q q q= - - + -x x x x xY h h1 , 1 2.6h C L C R

Todetermine the optimal fuzzy coefficients ˜ = ¼A i n, 0, ,i of the fuzzy regressionmodel, the sumof
spreads of the estimated fuzzy outputs ˜ ( ) = ¼xY j m, 1, ,j is considered as

( ) ( ( ) ( )) ( )å q q- +
=

x xh1 2.7j j
j

m

L R
1

and the sumof squared distances between the estimated output centers ( )q xjC and the observed outputs,
which is known as the least squaresmethod, is presented as

( ( ) ) ( )å q -
=

x ax 2.8j j
j

m

C
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2

where a is a center vector.
The fuzzy regressionmodel aims tominimize the sumof equations (2.6) and (2.7), which reflect both

properties of fuzzy regression and least squares, subject to including all the given data and a threshold h.
Therefore, themathematicalmodel of the fuzzy regression is presented as

( ( ) ) ( ) ( ( ) ( ))å åq q q- + - +
= =

x ax x xw w hmin 1j j j j
j

m

C
j
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L R1
1

2
2
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s.t.

( ) ( ) ( )q q+ - x xh y1j jC R j

( ) ( ) ( )q q- - = ¼x xh y j m1 , 1, ,j jC L j

= ¼ l r i n0, 0, 1, ,i i

where w1 and w2 are weight coefficients.
In this study, R programming language is usedwith R-Studio version 1.4.1106 to obtain the fuzzy regression

results.We have utilized the PLRLSmethod of the fuzzyreg software package [24, 25].

2.5.Mathematicalmodel development
2.5.1. Data
All the data utilized in obtaining themathematicalmodels andmodel evaluations are given in Supplementary
Informationfile. Here, the effects of eggshellmass fraction, concentration, temperature, pH, andCTABmass
fraction on the surface tension is presented throughTables T1-T4. The experimental determination of
combined effects of the variables are not included in this study since these effects areminimal and neglected in
othermodeling and optimization studies [26–28]. In this study, the aim of all the proposedmodels is not to
dynamically analyze the rheological properties of the nanostructure, but to reduce the experimental effort in the
light of the obtained data and to provide fast answers withoutwasting of time or resources.

2.5.2. Determination of critical micelle concentration
Linear regression isfitted to the surface tension - concentration data, and the resulting lines are intersected to
obtain criticalmicelle concentrations for eachmass fraction (2%, 5%, and 10%) of the eggshell [19, 29].

2.5.3. The proposed crispmodel
Expressing the surface tension as a function of operating variables such as concentration, temperature, pH,mass
fraction of eggshell, mass fraction of CTAB, a crispmathematicalmodel is proposed. Firstly, a crisp exponential
regression is applied to the surface tension data corresponding to the concentration, for eachmass fraction (2%,
5%, and 10%) of the eggshell. The coefficients of determination value, R2, of each regression are computed as
0.955, 0.974, and 0.992, respectively. Then, crisp linear regressions arefitted for surface tension data
corresponding to temperature, pH, andmass fraction of CTAB. TheR2 values of these linear regressions are
0.969, 0.955, and0.941, respectively.When the fixed parameters that are temperature, pH, andmass fraction of
CTAB are 25 °C, 5, and 5%, respectively, the obtained relations are normalized. Bymultiplying the normalized
linear relationswith exponential function of surface tension results corresponding to the concentration, the
crispmodels are proposed for eachmass fraction of eggshell.

2.5.4. The proposed fuzzy-hybridmodel
While the proposed crispmodel has achieved acceptable error values, we have observed that there is potential
improvement in themodeling of surface tension of ESNCs. Thus, we have constructed a fuzzy-hybrid
mathematicalmodel, consisting of a piecewise function separated at criticalmicelle concentration values for
eachmass fraction (2%, 5%, and 10%) of the eggshell, instead of exponential regression. Thefirst part of the
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piecewise function, that is, the concentration values below the criticalmicelle concentration, fitted by linear
regression. The second part is presented using the fuzzy regression to provide a functionwhose outputs are fuzzy
numbers containing the error informationwithin itself. Here, the crisp input (x) is the concentration (C), and
the fuzzy output (y) is the surface tension (γ). The h-level is taken zero to ensure that all experimental data are
within the left and right spreads of the fuzzy outputs. After the piecewise functions for eachmass fraction of
eggshell are constructed, each of them ismultiplied by the corresponding normalized functions in the crisp
model to yield the surface tension as a function of operating variables, and thus, the fuzzy-hybridmodel is
developed.

2.6. Statistical error analysismethods
Primarily, the R2 [30] values are evaluated for each regression. Then, correlation diagrams are presented for all
constructedmathematicalmodels, where experimental values are plotted against the calculated ones. Then, in
order to provide quantitative statistical error analysis, the sumof squares of errors (SSE) [17], the hybrid
fractional error function (HYBRID) [31],Marquart’s percentage standard deviation (MPSD) [32], and the
average relative error (ARE) [33], are evaluated for the crispmodels and the central tendency of the fuzzymodels.
Themathematical formulations of R2, SSE,HYBRID,MPSD, andARE are given in equations (2.9–2.13),
respectively.
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( )( )
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here, g :e experimental surface tension, g :cal calculated surface tension, g :avg mean of experimental surface
tension, n: number of data points and p: number of parameters.

3. Results and discussion

3.1. Characterization of ESNCs
Recently, researchers have investigated in detail the rheological, surface, and chemical properties of advanced
nanostructures to increase biocompatibility and biodegradability [34–37]. To investigate the surface and
chemical properties of ESNCs, different techniques such as SEM, FTIR, andDSCwere used. Infigures 1(a)–(c),
the SEM,DLS, and FTIR results of ESNCswere presented. The SEM image of the prepared ESNCswas
evaluated to determine the distribution,morphology, and particle size of ESNCs. According to the SEM result, it
was clear that the ESNCs had a had a porousflower-shaped nanostructure which has a shape of a coral reef
structure. The structure of ESNCs exhibited a structure of coral reefs withmicro/mesopores in between the
nanolayers and three-dimensional (3D) hierarchical porous structure. It was assumed that the growth of EChad
aggregationmechanisms driving the self-assembly of 3D structure (https://doi.org/10.1016/j.est.2021.102749,
Journal of Energy StorageVolume 40, August 2021, 102749)Additionally, the ESNCs had a particle distribution
with diameters of about 100–200 nm (figure 1(a)). TheDLS techniquewas used tomeasure the hydrodynamic
diameter of the ESNCs in solution. According to theDLS results, the z-average size of ESNCswas 101.97 nm
with a homogenous particle distribution, having a uniform layered nano-porous structure approved by the SEM
andDLS results. Furthermore, it was found that the ESNCs had a large surface area of 220.2m2 g−1.

In our previous study, the FTIR techniquewas used to identify the chemical structural and functional groups
of ESNCs [21]. The FTIR result was presented infigure 1(c).We observed at 3400 cm−1−3199 cm−1 (–OH),
2913 cm−1− 2856 cm−1 (–CH stretching), 1726 cm−1−1640 cm−1 (–C=O), 1455 cm−1−1412 cm−1,
1369 cm−1, 1100 cm−1 and 1050 cm−1 (–C=O, carbonate) [21].

According to the FTIR spectra, it was concluded that various surface functional groups (–C=O, andO-H
groups) on the surface of the nanostructre.
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3.2. Themeasurement of rheological parameters of ESNCs
In this study, rheological properties of nanostructures were investigated in detail at different operating
parameters such as themass fraction of eggshell, themass fraction of surfactant, pH, and temperature andwere
shown infigures 3, 4. The surface tension results of ESNCs/water solutionswere calculated between 39.22mN
m−1 to 63.11mNm−1 in a range of 4–50 ppmat 25 °C.According to rheological results, we found that the
minimum surface tension valuewas calculated for the ESNCs (2% eggshell) and showed that therewas a
correlation between themass fraction of the nanostructure and surface tension (see figures 5, 6). However, the

Figure 1. SEMmicrograph (a), DLS curve (b), and FTIR (c) graph of ESNCs.

Figure 2.Determination of CMCs for 2% (a), 5% (b), 10% (c)mass fractions of eggshell.
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lowest surface tensionwas found to be 39.22mNm−1 for the ESNCs (5%CTAB). Consequently, the surface
tension values were changedwith temperature, andwe showed that the optimum temperature was 25 °Cand
pH5 [38, 39].

3.3.Determination of criticalmicelle concentrations
Criticalmicelle concentrations (CMC) are determined by the intersection of the lines which are obtained by
linear regressions relative to the data, all illustrated infigure 2. TheCMCs are determined as 33.92 ppm, 26.77
ppm, and 22.42 ppm formass fractions of 2%, 5%, and 10%eggshell, respectively.

3.4. Crispmodeling of surface tension
In this study, we have obtained surface tension as a function of operating variables concentration (C),
temperature (T), pH, andCTABmass fraction (mCTAB,%). Firstly, an exponential regression is applied to the
surface tension data corresponding to concentration, while the remaining variables are kept constant at T= 25
°C and pH= 5. The functions of ( )g CC2 equation (3.1), ( )g CC5 equation (3.2), and ( )g CC10 equation (3.3) are
provided formass fraction of 2%, 5%, and 10% eggshell, respectively. These functions are illustratedwith the
experimental data infigure 3. The R2 value for these equations are 0.96, 0.97, and 0.99, respectively.

( ) ( )g = +C e33.23014 3.01112 3.1C
C

2 21.07341

( ) ( )g = +C e42.76296 0.70349 3.2c
C

5 14.76296

( ) ( )g = +C e48.77553 0.0432 3.3c
C

10 8.09506

Todetermine surface tension as a function of temperature, pH, andmCTAB, x linear regressions are applied
to the corresponding data as illustrated infigure 4. The relationships between surface tension—temperature (R2

= 0.97), surface tension—pH (R2= 0.96), and surface tension—mCTAB(R
2= 0.94), are presented in

Figure 3.The effects of concentration for eachmass fraction of eggshell (T= 25 °C, pH= 5,mCTAB= 5).

Figure 4.The effects of temperature (pH= 5,mCTAB= 5, 2% eggshellmass fraction) (a), pH (T= 25 °C,mCTAB= 5, 2% eggshellmass
fraction) (b), andmCTAB (T= 25 °C, pH= 5, 2% eggshellmass fraction) (c) on surface tension of Kappa-Carrageenan/PVA/eggshell
system.

7

Phys. Scr. 98 (2023) 035001 MA Insel et al



equations (3.4), (3.5), and equation (3.6), respectively.

( ) ( )g = - +T T0.35156 59.25214 3.4T

where pH= 5, and themass fraction is 5% (mCTAB= 5).

( ) ( )g = +pH pH1.36564 42.91471 3.5pH

where T= 25 °C, and themass fraction is 5% (mCTAB= 5).-

( ) ( )g = - +m m6.39786 73.10214 3.6m CTAB CTABCTAB

where T= 25 °C, and pH= 5.
After the obtainment of equations (3.4–3.6), the functions ( )g T ,T ( )g pHpH are normalized as in

equations (3.7–3.9), respectively. The normalization is performed so that the normalized functions result 1 at
fixed parameters T= 25 °C, pH= 5, andmCTAB= 5.

( ) ( )
( )

( )g
g
g

= = - ⋅ +-T
T

T
25

6.9667 10 1.17417 3.7TN
T

T

3

( )
( )
( )

( )g
g
g

= = ⋅ +-pH
pH

pH
5

2.74540 10 0.86273 3.8pHN
pH

pH

2

( ) ( )
( )

( )g
g

g
= - = - +m

m
m

5
0.15562 1.77807 3.9mN CTAB

m CTAB

m
CTAB

Finally, themultiplication of equations (3.7–3.9)with the functions ( )g C ,C2 ( )g C ,C5 and ( )g CC10
(equations (3.1–3.3)) yields the surface tension as a function of the operating variables formass fractions of 2%,
5%and 10%eggshell, respectively equations (3.10–3.12).

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.10CTAB TN pHN mN CTAB C2% 2

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.11CTAB TN pHN mN CTAB C5% 5

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.12CTAB TN pHN mN CTAB C10% 10

3.5. Fuzzy-hybridmodeling of surface tension
While the obtained equations (3.10–3.12)may be utilized as a sufficientmodel for surface tension, there is
possible improvement on themodel by considering the fuzzy regression. Thus, to provide amore sophisticated
mathematicalmodel containing the random error in the data, a fuzzy-hybridmodel is proposed in this study.
Firstly, fuzzy linear regression isfitted to represent the surface tension data corresponding to concentration, as
opposed to the exponential regression. For the values below the criticalmicelle concentration, the crisp linear

Table 1. Fuzzy parameters of linear regression.

FuzzyNumber Center Left Spread Right Spread

A2 16.9010 1.7142 1.8923

M2 0.9474 0 0

A5 22.5791 0 0

M5 0.8401 0.0239 0.0226

A10 12.7958 0 0

M10 1.0811 0.0463 0.04736

Figure 5.The constructed piecewise functions for 2% (a), 5% (b) and, 10% (c) eggshell concentrations, with respect to the
experimental values (T= 25 °C, pH= 5,mCTAB= 5).
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regression represents the data adequately. Consequently, the fuzzy and crisp linear regressions are applied to the
data above and below the criticalmicelle concentration, respectively. The fuzzy parameters obtained by the
regression are represented in table 1.Note that the obtainedM2, A5, andA10 are crisp values since their spreads
are zero.

By combining the fuzzy and linear regressions applied above and belowCcmc values, we obtain the piecewise
functions in equations (3.13–3.15) for 2%, 5%, and 10%eggshellmass fraction, respectively. As the results of the
proposed fuzzy-hybridmodel, the following piecewise functionswith the corresponding data are illustrated in
figure 5. Since the same data is utilized infigures 3 and 5, it can be observed that the performance of the proposed
fuzzy-hybridmodel is superior to the proposed crispmodel.

⎧
⎨⎩

( ) ( )g =
+ < =

+ 
C

C C C
A M C C C

39.1212 0.00862 , 22.42
,

3.13C P
CMC

CMC
2

2 2

⎧
⎨⎩

( ) ( )g =
+ < =

+ 
C

C C C
A M C C C

39.1212 0.00862 , 26.77
,

3.14C P
CMC

CMC
5

5 5

⎧
⎨⎩

( ) ( )g =
+ < =

+ 
C

C C C
A M C C C

39.1212 0.00862 , 33.92
,

3.15C P
CMC

CMC
10

10 10

The equivalent representation of the fuzzy relations, namely, central tendency, lower boundary, and upper
boundary of the regressionmodels are presented in table 2. The lower and upper boundaries provide a sensitivity
approximation of the regression. Thus, the experimental error intervals can directly be determined by using
these equations.

Finally, the constructed piecewise functions ( )g C ,C P2 ( )g C ,C P5 ( )g CC P2 equations (3.13–3.15)may be
multiplied by equations (3.7–3.9), to yield the fuzzy-hybridmodel, resulting surface tension as a function of all
the operating variables formass fractions of 2%, 5%, and 10% eggshell, respectively equations (3.16–3.18).

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.16F CTAB TN pHN mN CTAB C P2% 2

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.17F CTAB TN pHN mN CTAB C P5% 5

( ) ( ) ( ) ( ) ( ) ( )g g g g g=T pH m C T pH m C, , , 3.18F CTAB TN pHN mN CTAB C P10% 10

3.6. Statistical error analysis
Statistical error analysis is conducted for functions obtained in equations (3.10–3.12) and (3.16–3.18) to evaluate
the performance of themodels obtained. SSE,HYBRID,MPSD andARE values for each function are
determined by comparing the results of each equationwith 106 experimental data points. The experimental
surface tension values plotted against the calculated ones are illustrated infigure 6. It shows that the errors are
containedwithin the fuzzy coefficients. Indeed, y= x line is containedwithin the left and right spreads of the
computed fuzzy number, i.e., fuzzy output.

In order to provide quantitative comparability, the error terms are computed only for the central tendency of
the fuzzymodel and given in table 3. It represents the error values in an acceptable range for both crisp and fuzzy
models with comparison to our previous study [19]. For 2% and 5%eggshellmass fractions, the error values
were found to be significantly lower, even if the fuzzy hybridmodel was constructed by considering only the
central tendency. For 10% eggshellmass fraction, even though the crispmodel has given slightly better results,
the comparison is with the central tendency of the fuzzy-hybridmodel only. Since the output of the proposed
fuzzy-hybridmodel contains the errors as well, the fuzzy-hybridmodel is highly preferable to the crispmodel.

Table 2.The lower boundary, central tendency, and upper
boundary equations of the respective fuzzy relations.

Fuzzy Relation Equivalency Type Equation

+A M C2 2 Lower Boundary + C15.1868 0.9474

Central Tendency + C16.9010 0.9474

Upper Boundary + C18.7933 0.9474

+A M C5 5 Lower Boundary + C22.5791 0.8162

Central Tendency + C22.5791 0.8401

Upper Boundary + C22.5791 0.8627

+A M C10 10 Lower Boundary + C12.7958 1.0348

Central Tendency + C12.7958 1.0811

Upper Boundary + C12.7958 1.1285
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4. Conclusion

In this study, DLS, SEM, and FTIR techniqueswere used to determinemorphologies and functional groups of
the ESNCs. According to the characterization results, we found that the ESNCs had a high surface area of 220.2

Figure 6.The correlation diagrams for calculated and experimental surface tension values of the crisp and fuzzymodels for 2% (a), (b),
5% (c), (d), 10% (e), (f) eggshell mass fractions, respectively.
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m2 g−1 and z-average size of 101.97 nm. Surface tension of ESNCswere experimentally determined as a
function of the operating parameters such themass fraction (2%, 5%, and 10%) of eggshell, concentration, the
mass fraction (2%− 5%) of CTAB, pH (3–10), and temperature (20 °C–50 °C). To relate the surface tension
with the operating variables, the crisp and fuzzy-hybridmathematicalmodels were proposed, and the statistical
error analysis was conducted to evaluate the validity of themodels. However, it was also observed that the fuzzy-
hybridmodel improved themathematical representation of the data andwas superior to the crispmodel, since
the output of the fuzzy-hybridmodel include the uncertainty information as well. The proposed fuzzy-hybrid
modeling approach provided a better fit by giving smaller error values for eachmodel. In addition, the proposed
fuzzy-hybridmodeling approachwas presented as a preferable option inmodeling surface tension of the
nanobiocompositematerials. Consequently, by supporting expensive and time-consuming experimental
methodswith fuzzy-hybridmathematicalmodels, economical and effectivemethods can be designedwith fewer
experiments in nanotechnological applications.
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